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Abstract 

Within the superfield approach, we prove the absence of UV/IR mixing in the three-dimensional 
noncommutative supersymmetric Maxwell-Chern-Simons theory at any loop order and demonstrate 
its finiteness in one, three and higher loop orders. 
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I. INTRODUCTION 



Renormalizability is one of the more important issues in quantum field theories. In the case 
of the noncommutative (NC) field theories, it is accompanied by the problem of UV/IR mixing 
which generates infrared singularities, with no analogs in the commutative setting. Whenever 
stronger than logarithmic, these singularities are very dangerous as they can invalidate the 
usual perturbative expansion [1] . It is natural to expect that the supersymmetry, being known 
to improve the ultraviolet (UV) behavior, could also solve the problem posed by the UV/IR 
mixing. That this indeed is the case was explicitly shown first for gauge theories in 3] and 
for scalar theories in ). Several supersymmetric noncommutative models were studied 

since then and shown to be free of dangerous UV/IR singularities, both in three and four 
dimensional spacetimes [si, 0, 3, S, llD, U|. Supersymmetric noncommutative gauge theories 
were particularly much studied, and several interesting properties were found, for example, 
nontrivial constraints ari sing from gauge symmetry both at the classical 12j, ll3( and at the 
quantum level 0, [l5, 16, 17]. Moreover, 18, 19] it was argued that maximally supersymmetric 
noncommutative gauge theories in four spacetime dimensions were ultraviolet finite, similarly 
to their commutative counterparts; some explicit calculations, including considerations on the 
UV/IR singularities in such maximally supersymmetric theories can be found in 

HQ 

In three spacetime dimensions, supersymmetric gauge theories are super-renormalizable and, 
therefore, nice candidates to be finite quantum field theories. In the noncommutative case, this 



possibility was partially explored in [ly, [20|, both for Abelian and non-Abelian gauge groups. 



It was shown that the noncommutative supersymmetric QED and Yang-Mills theories (coupled 
to matter or not) were indeed finite at one loop, while power counting indicates the absence of 
superficial divergences at three loops or more. In this work, we perform a similar analysis for 
the three-dimensional supersymmetric noncommutative Maxwell-Chern-Simons (MCS) theory 
and explicitly show its finiteness in one, three and higher loop orders. This model is, therefore, 
another example of a nontrivial (interacting) quantum field theory which is actually ultraviolet 
finite in perturbation theory. 



II. CLASSICAL ACTION OF THE THEORY 



The action of the Maxwell-Chern-Simons theory is (following the notations of 211]) . 



W a *W a + m(A Q *W a + 



where 



S = At / d 5 z 

+ '-{A a , A 15 }* * D p A a + ^{A a , A 13 }, * {A a , A p }, 



W p = l -D a D p A a - % - [A a , DaAp]* - \[A a , {A a , Ap}*\ 
2 2 o 



(2) 



is a superfield strength constructed from the spinor superpotential A a . Hereafter it is 
implicitly assumed that all commutators and anticommutators are Moyal ones, that is, 



2 



[A,B}> 



A * B =f B * A, with 



A{x) * B{x) = A{x) exp I - S- 9"" ° 



2 dx^ 



dx v 



B(x) 



(3) 



being the Moyal-Groenewald ^-product. Here, Q^ v is the antisymmetric real constant matrix 
characterizing the noncommutativity of the underlying space-time. It is customary to impose 
that 6° l = to avoid causality and unitarity issues [22fl . even if these problems can be solved 



by alternative formulations of the noncommutativity [23|, |2j, |25j| . In our case, however, we will 
show that the choice 0° l = will also play an essential role in ensuring the absence of infrared 
UV/IR singularities. 

The action in Eq. (JTJ) is invariant under the infinitesimal gauge transformations 

5A a = D a K-i[A a ,K]. (4) 

After gauge fixing, the total action of the noncommutative supersymmetric MCS theory reads 



Stotal — S + Sgf + Spp 
where Sgf is the gauge fixing term, 



S< 



GF 



4^ 2 



<?z{D a A a )D 2 {D p A^ 



a) 



and Spp the corresponding action for the Faddeev-Popov ghosts, 

SfP = ^J d 5 z(c'D a D a c + id * D a [A a , c]) . 
From Eq. (jSJ), one obtains the free spinor superpotential propagator, 



(5) 



(6) 



(7) 



< A^-p^JA^p, 9 2 ) >=-g 2 

% 

and the propagator for the ghosts fields, 



(D 2 - m)D fi D a + ^D 2 D a D 13 



2p 2 (p 2 + m 2 ) 



,D 2 



2p 4 



>12 



< c '(-k,e 1 )c(k,e 2 ) >=ig 2 ^h2 



(9) 



where, 5 12 = S 2 (6i — 62)- Also, whenever not otherwise indicated, it must be understood that 
the supercovariant derivatives act on the Grassmann variable 61). Finally, also from Eq. (jSJ) 
one can extract the interaction part of the classical action in the pure gauge sector, 



Sint — I d 5 z 



jD 1 D a A 1 * [A 13 , DpA a ] - ±-DW a A, * [A?, {Ap, A a }} - 
- ±[A\ D 7 A a ] * [A 13 , DpA a ] + ^[A\ D 1 A a ] * [A 13 , {A p , A a }} + 
+ ±[A\{A 1 ,A a }]*[AP,{A p ,A a }} + 

+ m(>* (~[A a ,D a A p ]-~[A a ,{A a ,A l3 }]) + l -{A\A f5 }*DpA ol + 

+ ±{A a ,A?}*{A a ,A p })], (10) 
from which the interacting vertices for the perturbative calculations can be read directly. 



3 



III. CANCELLATION OF THE ONE-LOOP DIVERGENCES IN THE PURE 
GAUGE SECTOR 



Now, let us study the one- loop divergences in the theory. Similarly to 20|, the superficial 
degree of the divergence can be found to be 



2 V c 

2 



2V - ~Vx 



V 2 - ~V 3 - l -N D 



(11) 



where Vi is the number of purely gauge vertices involving i supercovariant derivatives, V c is 
the number of gauge-ghost vertices, and is the number of the spinor derivatives acting on 
the external fields. This power counting relationship characterizes the Maxwell-Chern-Simons 
theory as an UV super-renormalizable theory. It is easy to realize that linear divergences may 
come only from graphs with V3 = 2, or V2 = 1, or V c = 2. Since the Chern-Simons sector 
involves only vertices with at the most one spinor derivative, we conclude that these vertices 
do not contribute to possible linear divergences. 

The potentially linearly divergent graphs are depicted in Fig. [TJ they contribute to the two- 
point functions of A a field. In these graphs, a cut in a ghost line corresponds to the factor 
D a acting on the ghost propagator. A trigonometric factor e tkAl — e dAk = 2ism(k A I), where 
kAl = kH v Q^ v , originates from each commutator. By denoting the contributions of the graphs 
in Fig.[T]by Ii a , In,, and Ji c , respectively, we have (the use of dimensional reduction is implicitly 
assumed hereafter) 

1 f d 3 v ,o„ f d 3 k 
~32 



ho 



(27T) 



sm 2 (kAp)A^(-p,e 1 )A p '(p,e 2 ) x 



D 1 D a 



:d 2 



x D f 



k 2 {k 2 + m?) 
(D 2 - m)D a ,D c 



D J D a 



(p — k) 2 ((p — k) 2 + m?) 
(D 2 



k 4 

D 2 D n D n i 



D a D 1 S 12 x 



m)D 1 ,D 1 + D 2 D 1 D^> 



x Df 



k 2 (k 2 + m 2 ) 
(D 2 - m)D a ,D a 



(p - ky 

Dp 5 12 x 



(p — k) 2 ((p — k) 2 + m? 



fc 4 

D 2 D n D r j 



(p - k) A _ 



D a D 1 5 12 )■ + 



(12) 



d 3 p 2 



d 2 9 1 



d 3 k 



x 



2tt) 3 'J (2tt) 3 
A f3 (-p,e 1 )A a (p,9 1 )D^D 



sin 2 (A; A p) 

(D 2 -m)DpD 1 t D 2 D 1 D l3u 

-J012 |6» 1= e»2 + 



2k 2 (k 2 + m 2 ) 



2k* 



2k 2 (k 2 + m 2 



2k A 



1 

+ - 



d 3 p 

4 J (Zk) 3 



d 2 6A~<{-p,6)AP(p,6) 



d 3 k 



sin 2 (A; Ap) x 



x £>„ 



(D 2 -m)D a D a D D a D 



k 2 (k 2 + m 2 ) 



k l 



Da8 



/30l2|6»i=6»2> 



(13) 
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1 f d 3 p , 2/ , , 2/ , /" <i 3 &; sin 2 (/cAp) , . „ . . , „ . 

J - = 2/ (2^ deid% J <M*W+W^> 0l) * M 

x D«D 2 5 l2 D 2 D p 2 5 l2 . (14) 

In the expressions for the ii's the terms where covariant derivatives act on external fields were 
omitted because they do not produce linear divergences and UV/IR mixing (as we shall shortly 
verify, such terms give only finite contributions). In the formulae above they are indicated by 
the ellipsis. After some D-algebra transformations we arrive at 

r tfu o;^2/ 



= ¥ J J + , (15) 

(1 " / Wf d% I WF^^ <^ M > + " ' • (16) 



'16 



1 ^ f d 3 p j 2q f d 3 k sin 2 (kAp) 
2 

1 f d 3 p , 2 „ f d 3 k sm 2 (kAp) . a , n . . . n . 



2 J (2vr) 3 V (2tt) 3 A; 2 
Hence, the total one-loop two-point function of the gauge superfield, given by I\ = ii +A&+Ac> 
is free from both UV and UV/IR infrared linear singularities. 

It is also easy to show that the logarithmically UV divergent parts coming from the planar 
parts of Jia, Iu an d he, which involve derivatives of the gauge fields, as well as the logarith- 
mically UV divergent parts generated by other one-loop graphs, turn out to be proportional 
to the integral 

(2tt) 3 k 2 (k +p) 2 { ' 

and are therefore finite by symmetric integration. Thus, the UV logarithmic singularities are 
also absent, i.e., the two-point function of A a field is UV finite in the one-loop approximation. 
We note also the absence of the one-loop nonplanar logarithmic IR singularities. Indeed, the 
typical logarithmically IR singular contribution which could arise is proportional to a linear 
combination of integrals of the form 

d 3 k k a /3 sin(2fc A p) % p a p 

=■ l iy J 



(2tt) 3 k 4 4vr y^p ' 

Here, p a p = Q flu p u ( cr ' 1 ) a /3- Remembering that 9 j = 0, one realizes that this last expression 
does not produce logarithmic divergences. The conclusion is, therefore, that all one-loop 
quantum corrections are actually UV finite, and no UV/IR mixing appears. 

We already mentioned that linear divergences are possible only for V 2 = 1, or V3 = 2, or 
V c — 2. It is easy to see that two- loop graphs satisfying these conditions are just vacuum 
ones whereas higher-loop graphs cannot satisfy these conditions at all. Therefore, there are no 
linear UV and UV/IR infrared divergences beyond one-loop and, as consequence, the Green 
functions are free of nonintegrable infrared divergences at any loop order. 

One can verify that Eq. (TTTj) implies in the absence of any divergences at three- and higher- 
loop orders, in agreement with the super-renormalizability of the theory. This concludes our 
analysis of the M = 1 supersymmetry. To complete the study of renormalization in the theory 
it remains to investigate the situation on the two-loop order. 
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IV. CANCELLATION OF THE ONE-LOOP DIVERGENCES IN THE MATTER 
SECTOR 



We next study the interaction of the spinor gauge field with matter. To this end we add to 
Eq. (jHJ) the action of the N scalar matter fields <f) a , with a = 1, . . . , N. 

S m = Jd 5 z[-MD 2 -m)<f )a + i^ a ,A a }*D a( j )a -Dj a *[A a ,<j )a }) + 

+ ^ a ,A a ]*[A a ,<f> a ]\ , (20) 
The free propagator of the scalar fields is 

D 2 + m 

< <f> a (-k, 6i)4> b {k, 6 2 ) >= iSabrj- — 2 612 ' ( 21 ) 

and the superficial degree of divergence when matter fields are present can be shown to be 
equal to 

w = 2 - \v c - 2V - ~Vx -V 2 - l -V, - l -E^ - ~V} - \n d - V° , (22) 

where, as before, V{ is the number of pure gauge vertices with % spinor derivatives, is the 
number of external scalar lines, Nd is the number of spinor derivatives associated to external 
lines, is the number of triple vertices involving matter, and V® is the number of quartic 
vertices involving matter. 

It is straightforward to show that the graphs with non-zero number of the external matter 
legs, possessing < 2 together with > or V® > 0, in the worst case, are only logarith- 
mically divergent. Applying the arguments from the previous section, one can convince oneself 
that in this case the one-loop graphs are finite. 

It remains to study the graphs with zero number of external matter legs. The leading 
UV divergence for them is u = 3/2 (one external A a leg), corresponding to a tadpole graph 
which vanishes identically. What comes next are graphs with two external A a legs which are 
superficially UV linearly divergent. They are depicted in Fig. [2J and their contribution was 
earlier found in 



10, 



20j, so here we merely quote the result, 



2N I ^ d 2 e r sin 2 (fcAp) 



(2tt) 3 J (2tt) 3 (k 2 + m 2 ) [{k + p) 2 + m 2 ] 



x {k lP - mC lP ) [(D 2 Ai(-p, e))AP(p, 6) + ^D a A a (-p, 9)A^p, 9)] . (23) 

As we see, the dangerous linear divergences in fact do not appear, whereas, by using the 
arguments of the previous section, the logarithmic divergences are also absent. Therefore, the 
two-point function of A a field turns out to be free of UV/IR infrared singularities. This two- 
point function can be used for deriving the effective propagators in the l/N expansion flo| . 
All other one-loop graphs in the matter sector are finite. 
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V. CONCLUSIONS 



Let us briefly describe the main results of the paper. We have shown that the three- 
dimensional noncommutative supersymmetric Maxwell- Cher n- Simons theory is one-loop UV 
and UV/IR infrared finite both without and with matter. Similarly to 16j, one can prove that 
the same result holds in the non-Abelian case for the gauge group U(N). A natural development 
of this work consists in the investigation of the two-loop corrections to the effective action, as 
we pointed out earlier. It would also be interesting to study the 1/N expansion for the model 
involving many scalar fields and to analyze of spontaneous symmetry breaking and the Higgs 
mechanism in this class of models. 
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a be 

FIG. 1: Superficially linearly divergent diagrams contributing to the two-point function of the gauge 
field in the purely gauge sector. 



a b 

FIG. 2: Superficially linearly divergent diagrams contributions to the two-point function of the gauge 
field coming from the matter sector. 
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